ABSTRACT The discharge characteristics of long air gaps are of great significance in the external insulation design of extra high voltage (EHV) and ultra high voltage (UHV) transmission lines. At present, the breakdown characteristics of air gaps are mainly investigated by repeated full-scale discharge tests. In order to reduce the costly experimental works, the influence of different tower structures on the air gap breakdown voltage has been fully studied, and the tower structure coefficient T g is proposed and calculated. Then, a modified mathematical model is developed to calculate the 50% discharge voltage of complicated bundle conductor-tower air gaps. The research results show that the 50% discharge voltages of different tower structures calculated by these models are in good agreement with the on-site test results. The maximum errors between the calculated and the test data are less than 6.3%, which prove the feasibility of the proposed model for various engineering air gaps.
I. INTRODUCTION
Air gaps are the main insulation in extra high voltage (EHV) and ultra high voltage (UHV) transmission lines, therefore the breakdown characteristics of these air gaps under switching impulse are of great significance in the design of transmission lines [1] . In the past few decades, a large amount of experimental works have been conducted to obtain the discharge characteristics of different air gaps [1] - [6] , [19] . Based on the test data and some reasonable assumptions, various empirical and semi-empirical formulas have been proposed to calculate the discharge voltage of air gaps. The model developed by Carrara and Rizk have been successfully applied to some typical electrode types such as rod-plane, rod-rod, conductor-plane gaps [6] - [8] . However, due to the complexity and diversity of air-gap configurations in actual high voltage transmission lines, these models are usually of poor application performance in engineering practice.
The air gap distance of EHV and UHV transmission line is usually within 3 m to 8 m [1] . For different air gaps, the gap factor K is used to reflect the influence of gap configurations on the dielectric strength. The gap factor is defined as the The associate editor coordinating the review of this manuscript and approving it for publication was Flavia Grassi. ratio between the 50 % discharge voltage of a gap considered and that of a rod-plane gap with identical gap distances and subjected to same applied switching impulse. Currently, the selection of transmission line air gap clearance is mainly determined by full-scale experiments. For every new tower structure, discharge tests must be performed repeatedly to obtain its 50% discharge voltage and the gap factor. And then the air gap clearance can be determined using the empirical method recommended by IEC standard [9] . Because of the large size of transmission towers, these experiments are extremely time-consuming and costly. In addition, it is not possible to simulate all the transmission line gap configurations in these tests. If the breakdown voltage of these air gaps can be calculated using a mathematical method, the test task will be greatly reduced.
In recent years, with the continuous investigation of discharge mechanism, more and more attention has been paid on the simulation of physical development process of air gap discharge, which includes first corona inception, streamer propagation, leader formation, leader propagation, and final jump. Based on the observation of discharge phenomena and measurement of the key physical parameters [10] , [11] , several physical models have been developed to describe each stage of air gap discharge [12] - [15] However, due to the influence of space charge, the spatial electric field distribution and the air dielectric properties will change continuously over time during the discharge process. Therefore, it is difficult to simulate the whole discharge processes accurately especially for the complicated structures such as conductor-tower electrode structures. Since 2016, some scholars have proposed a prediction method base on support vector machine (SVM) and the relationship between the long air gap discharge voltage and the electric field features has been established [16] , [17] . But the application of this method is limited due to the large amount of calculation.
For EHV and UHV AC transmission lines, the air gap configurations are very complicated due to the irregular tower shapes and various conductor types. Until now, there is no general model which can be applied directly to calculate the discharge voltage of these transmission line air gaps. In order to solve the problem, this paper attempts to mathematically calculate the 50% discharge voltages of air gaps with complex conductor-tower structures. The tower structure coefficient T g is proposed to represent the effect of tower structure on the conductor-tower gap breakdown voltage, and the values of T g with different tower structures are determined by using finite element method (FEM). Finally a general mathematical model is established to calculate the 50% discharge voltage of EHV and UHV transmission line air gaps. The calculation results are verified by comparing with the test data and the calculated results show good agreement with the field test results.
II. MATHEMATICAL MODEL OF CONDUCTOR-TOWER LEG GAPS

A. BASIC APPROACH
In order to excite the sustained leader growth, two criterions must be satisfied simultaneously [8] :
where, Q 0 is the streamer space charge; c is a variable related to high voltage electrode geometry; U lc is the continuous leader inception voltage. α is the ratio function between the equivalent radius of the streamer stem region and the distance from the center of space charge and the tip of streamer stem. U in is the induced voltage at the streamer stem tip generated by Q 0 ; U c is the critical voltage. The influence of the streamer space charge can be equivalent by a point charge which is placed at a distance s from the surface of high voltage electrode [8] . Fig. 1 shows the scheme diagram of continuous leader inception.
Then the induced voltage U in turns into two parts:
where U ia is the induced potential at the point P at the streamer stem tip directly generated by Q 0 (P is at a distance s 0 from the high voltage electrode and both s 0 and s are much smaller than the gap distance d); U ib is the absolute induced potential at P by the image charges induced on the opposite electrode and the nearby objects.
where R is the gap characteristic function related to the gap configuration, gap distance, and grounded electrode geometry. Substituting equations (1) and (3) ∼ (5) into (2), the general expression of the continuous leader inception voltage of long air gap is derived as following:
where,
U c∞ is the saturation value of the leader inception voltage and A is a coefficient depending on high voltage electrode type. For conductor electrode, U c∞ = 2247 kV, and A is related to conductor radius. The continuous leader inception voltage of a single conductor-plane gap is as following [8] : 
B. CONDUCTOR-TOWER LEG GAP
Previous research has found that the gap factor of the conductor-cylinder gap is within a range of 1.34 to 1.37 when the gap distance is from 4 m to 8 m [18] , which is very close to the gap factor of 1.35 for the conductor-tower leg gap [19] . Due to the resemblance between conductor-cylinder gap and conductor-tower leg gap, the conductor-cylinder gap VOLUME 7, 2019 is chosen as a basic gap structure to obtain its function R. The scheme for determination of R for a conductor-cylinder gap is shown in Fig. 2 . For the conductor-plane gap with a gap distance of d, when Q 0 is set at a distance s from the conductor with a radius of a, the effect of Q 0 and the charge it induces on the conductor can be expressed using an equivalent charge Q e0 :
Similarly, in the conductor-cylinder gap, substituting d with (d + b) in equation (10) , the point charge -Q e in Fig. 2 can be expressed as:
where, a is the radius of conductor; b is the radius of cylinder; s is the distance between Q 0 and the conductor; d is the distance from the conductor to the cylinder. Considering a long cylinder with diameter of 2b and a point charge Q which is situated at a distance f from the axis of the cylinder. The potential in points at any distance r from the axis of the cylinder is as following [8] :
where K 0 is modified Bessel function of order zero. Therefore, for the conductor-cylindrical gap shown in Fig. 2 , U ib is the induced voltage at point P caused by -Q e induced on the cylinder (f = b + d). Since the length of s 0 is very small compared with the gap distance d, we consider that the point P is very close to the surface of high voltage conductor and the distance between P and the cylinder is r (r = b + d). Then according to equations (11) and (12), U ib is expressed as following: (13) Defining:
Thus U ib and the R function of a single conductor-cylinder gap can be derived as following:
Substituting expression (16) into (6), the continuous leader inception voltage of the single conductor-tower leg gap can be expressed as following: (18) For EHV and UHV transmission lines, bundle conductor has been adopted to reduce the corona loss. And experimental studies have found that the 50% discharge voltage ratio of single conductor and bundle conductor-tower leg gap is within 0.98 to 1 [19] . Therefore, the effect of bundle conductor can be equivalent using a single conductor of radius a e along the bundle axis:
where, n is the number of sub conductors; a l is the radius of the sub-conductor; r b is the bundle radius.
Rizk has proposed the continuous leader inception voltage of bundle conductor-plane gap, which is [20] : (21) Since the leader can be regarded as an arc-like channel, the minimum breakdown voltage U B can be obtained by using the following expression [7] :
where U l is the leader voltage drop; E s is the average electric field strength of the streamer, which is regarded as a constant of 400 kV/m. Taking the discharge dispersibility into consideration, the 50% breakdown voltage U 50 of air gaps under critical positive switching impulse can be calculated using the minimum breakdown voltage:
where σ is the standard deviation, which is usually 3 % for conductor electrode air gaps.
III. INFLUENCE OF TOWER STRUTURE
According to the continuous leader inception model, with the same structure of the high voltage electrode, the variation of the air gap discharge voltage is mainly caused by the different magnitude of the induced charge on the grounded tower generated by the space streamer charge. And the magnitude of the induced charge is closely related to the shape and size of the grounded tower structure. Therefore, we define T g as the structure coefficient to represent the influence of different tower structures and T g includes two parts: the area coefficient P g and the shape coefficient S g .
P g is related to tower width b and is defined as following:
In order to make it easier for engineering application, P g is obtained using the logarithmic function fitting method and is expressed as following:
And the shape coefficient S g is defined as following: (27) where, U ibT is the induced voltage at point P of any tower structure; U ibL is the induced voltage at point P of a single tower leg structure with a width of 1 m and S g0 is 1. Therefore, the general model of continuous leader inception voltage for a bundle conductor-tower air gap can be calculated as following:
where, R T and R L are the gap characteristic function of any tower structure and tower leg structure respectively. Substituting expressions (21) and (25) (29) Then the minimum breakdown voltage and 50% discharge voltage can be calculated using equations (22) and (23) .
With the development of numerical simulation techniques, the potential and electric field distributions of complex electrode structure can be accurately calculated by finite element method (FEM). Since the length of streamer stem is very small, the distance of s 0 can be ignored. In this paper, we assume that s 0 equals to zero and the point P is at the surface of high voltage electrode. And we use a point charge Q to simulate the effect of streamer space charge. By setting a point charge Q at a certain distance s from the high voltage electrode, the overall induced voltage U in at the point P can be obtained by calculating the induced voltage on the surface of high voltage electrode. Then the induced voltage U ib can be calculated using equations (3) and (4) .
In order to investigate the influence of the value of Q and s on the induced voltage U ib , a three-dimensional model of single conductor-tower leg gap is established in SolidWorks as shown in Figure 3 . The width of the tower leg 2b is 1 m and the radius of conductor is 5 mm. Then the model is imported to FEM software COMSOL to calculate the induced voltage on the conductor. All the components are meshed with tetrahedral elements by free meshing. The potential of outer boundaries and the ground plane is assumed to be zero. The potential of the grounded tower leg is also set to zero. A workstation equipped with 16 × 3.07 GHz Intel Xeon processors and 64GB RAM is used to ensure smooth calculations. In Fig. 3 , the gap distance d is chosen as 5 m. Firstly, a point charge Q is placed along the discharge path at a certain VOLUME 7, 2019 distance of 0.5 m from the conductor, and the values of Q are set as 1×10 −6 C, 1×10 −3 C and 1 C respectively to calculate U ib and R in these three conditions. Figure 4 shows the simulation result of the induced voltage on the conductor from COMSOL when Q is set as 1 C and s is set as 0.5 m. In this case, the maximum induced voltage U in is 17226593729 V. Previous studies have found that the initial leader length is about 0.7m [21] , [22] . Therefore, the value of Q is then kept as 1 C, and U ib and R are obtained when s is 0. It can be observed from Table 1 that the ratio of U ib to Q remains as the same with different value of Q. And the calculated R also turns to be a constant at a given distance s even though Q is changed. For a given gap spacing, S g can be written as following:
Since U ib /Q is independent on Q, the value of Q has no effect on S g . Table 1 also indicate that when distance s varies within 0.1 m to 0.8 m, the change of U ib is within a range of 0.66 % to 7.35 % and the change of R is within a range of 0.47 % to 5.84 %. The average value of R is 11.725. Therefore, s has little influence on U ib and R.
The above analysis indicates that the value of S g will not be affected by Q and s. In following study, the value of Q is selected as 1 C and s is determined as 0.5 m.
The cup tower, cat tower and double-circuit tower are widely applied in both EHV and UHV transmission lines. Fig. 5 shows the schematic diagrams of different bundle conductor-tower structures. For 750 kV EHV transmission lines, the six-bundle conductor with a sub-conductor spacing of 400 mm is adopted. And the diameter of sub-conductor is 28 mm for 750 kV double circuit tower and 24 mm for 750 kV cup tower. For 1000 kV transmission lines, the eightbundle conductor with the bundle spacing of 400 mm is used and the diameter of sub-conductor is about 30 mm for cup tower and 28 mm for cat tower. For 1000 kV compact tower, the diameter of ten-bundled conductor is 30mm and the bundle spacing is also 400 mm.
The bundle conductor-tower gap configurations in Fig. 5 are established in SolidWorks according to their actual size and shape. Fig. 6 displays the solid models of 750 kV tower, and the models of 1000 kV tower are also built similar to 750 kV tower. Then the three-dimensional models are imported into COMSOL to calculate the induced voltage U in on the bundle conductor. Table 2 presents the calculation results of S g with different tower shapes.
According to the calculation results in Table 2 , it can be observed that the S g of tower window is the largest and the S g of side phase tower leg is the smallest, which means the magnitude of S g increases with the increasing number of tower structures surrounding the high voltage conductors. According to the continuous leader inception model, with the increasing area of tower in the vicinity of conductor, the induced charge on the grounded tower generated by critical space charge will increase, thus resulting in the rising of the induced voltage U ib . Moreover, the S g of 750 kV double circuit tower is 1.70, which is close to that of 1000 kV double circuit tower (S g = 1.72). And the S g of 750 kV side phase of cup tower is also close to that of 1000 kV cup tower side phase. Therefore, it can be concluded that the values of S g are similar under the same tower structure even with different high voltage electrode configurations.
IV. CALCULATION RESULTS AND ANALISIS
During the design and construction of EHV and UHV transmission projects in China, a large amount of experimental data of conductor-tower air gap discharge characteristics under switching impulse condition have been accumulated [23] - [29] and these test data are used to validate the correctness of this proposed model. Table 3 and Table 4 present the tested and calculated 50% discharge voltage comparison results of 750 kV and 1000 kV transmission lines respectively.
It can be seen from Table 3 and Table 4 that the errors between the calculated and tested discharge voltage are within 0.03 % and 5.82 % for 750 kV transmission lines, and the average error is 2.42 %. For 1000 kV transmission line, the maximum error is 6.26 % except for only once case (1000 kV cut tower side phase at distance of 4 m), and the average error is 3.36 %. In IEC standard 60060-1 [30] , it points out that the deviation of the disruptive discharge voltage on air insulation without any other insulation involved can be assumed to be 6 %. The calculated results in Table 4 shows that most of the errors are less than 6 % and the average errors for both 750 kV and 1000 kV transmission line are also much lower than 6 %, which proves the feasibility of this method. With the same gap distance and tower type (cup tower side phase and double circuit tower), the discharge voltage of 1000 kV transmission line is slightly higher than that of 750 kV transmission line, which is 1.2 % to 1.6 % for cup tower side phase and 2.1 % to 2.4 % for double circuit tower.
The comparison curves of discharges voltage under different gap structures are shown in Fig. 7 . Fig. 7 indicate that under the same gap distance, the minimum 50% discharge voltage appears in the tower window structure and the maximum 50% discharge voltage occurs in the side phase structure. This is due to the fact that the magnitude of induced charge caused by space streamer charge is greater in tower window structure than other structures, which makes it easier for the development of discharge process. Fig. 7 also shows that the calculated discharge voltages are close to the test data, which proves the accuracy of the proposed model and the model can be relied upon for the prediction of discharge voltage of complex transmission line air gaps. Since the models used in finite element analysis are a little bit different from the actual test arrangements, and the fitting of P g will also produce some errors, certain errors are inevitable.
V. CONCLUSION
This paper presents a modified mathematical model which can be applied to calculate the 50 % discharge voltages of complex air gaps in actual EHV and UHV transmission lines. The tower structure coefficient T g is proposed to represent the effect of tower shapes and tower areas. And the values of T g with different tower types are determined based on finite element method. The calculation results have been compared with the experimental data. The research results show that the errors between the calculated and the tested data are within 0.03 % to 6.26 %, which is acceptable for engineering application [30] . Therefore the proposed model can be relied up on to calculate the air gap discharge voltage and can provide some guidance for the external design of transmission lines. 
